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Astrophysical processes in vicinity of black holes involve a coupling of spacetime geometry and the
quantum effects. Using the quantum potential approach we investigate the quantum dynamics of a
massive particle around a Schwarzschild black hole. The analysis shows the existence of typical quantum
effects near the black hole region. In particular the R-amplitude variation leads to the formation of fringe-
like trapping regions around the black hole where the particle is more likely to be located. However due
to the energy loss, which gains a local maxima in the trapping regions, the particle in-fall eventually
occurs. The energy loss during such a process will show up in frequency and amplitude modulation in
X-ray signals from accreting black holes and may conﬁrm the existence of such trapping regions.
© 2010 Elsevier B.V. Open access under CC BY license. Quantum processes in vicinity of a black hole are effected
strongly by the spacetime around the collapsed object [1–5]. To
understand such effects a quantization of the spacetime is to
be applied, which provides a framework within which the vari-
ous quantum processes can be consistently discussed, such as the
modiﬁcations due to the background spacetime. An alternative ap-
proach to comprehend quantum processes has been the quantum
potential interpretation of quantum theory [6–10]. It is based on
the general assumption that the Schrödinger equation:[
− h¯
2
2m
∇2 + V (r)
]
ψ(r, t) = ih¯ ∂ψ(r, t)
∂t
, (1)
can be separated into the real and imaginary parts
∂ρ(r,t)
∂t
+∇ · ρ(r,t)v(r,t) = 0, (2)
∂ S(r,t)
∂t
= 1
2m
(∇S(r,t))2 − V (r) − h¯2
2m
∇2R(r,t)
R(r,t)
, (3)
with the substitution ψ(r,t) = R(r,t)exp i S(r, t)/h¯. In analogy with
the usual Hamilton–Jacobi theory the phase gradient corresponds
to the particle momentum, so that Eq. (3) is regarded as the
Hamilton–Jacobi equation with a new potential function involving
the Planck’s constant. The potential is called the quantum poten-
tial. It has been shown that typical quantum effects such as the
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Open access under CC BY license. nonlocal correlations between distant particles is governed by the
quantum potential [4,6].
In this Letter we use the quantum potential to investigate
quantum dynamics for massive particles (such as electrons) in a
Schwarzschild black hole spacetime. Here we make the plausible
assumption that the background spacetime remains unperturbed
by the particle itself.
To model the physical process we begin with the metric for the
Schwarzschild spacetime. For a black hole of mass M the space-
time is described by the metric [11]
ds2 =
(
1− 2GM
c2r
)
dt2 −
(
1− 2GM
c2r
)−1
dr2
− r2(dθ2 + sin2 θ dϕ2). (4)
The metric is singular at r = 0 and r = 2GM/c2 called the
Schwarzschild black hole radius rs . In the following we shall as-
sume that r > rs and employ the gravitational units such that
G = 1 = c. With the conserved black hole parameter l for the an-
gular momentum the Lagrangian is
L(r) = 1
2
(
dr
dt
)2
+ 1
2
(
1− 2M
r
)(
l2
r2
+ κ
)
, (5)
where κ is equal to unity for massive particles. The last term in
the Lagrangian function represents the Schwarzschild effective po-
tential Veff .
282 B.M. Mirza / Physics Letters B 688 (2010) 281–283Fig. 1. Plots for velocity, R-amplitude, and the variation in R-amplitude for a
black hole of solar mass 0.2 in gravitational units, with v(rs) = 1, R(rs) = 1, dR/
dr|r=rs = 1.
In the quantum potential approach the quantum potential is
dynamically related to the particle motion. Thus at each instant
of time the ψ ﬁeld not only determines the particle motion but
is also determined by the conditions in which particle ‘ﬁnds it-
self’. This aspect is expressed by nonlinear coupling between the
quantum hydrodynamical equations, including the Schwarzschild
effective potential:
∂ρ(r, t)
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= −∇ · (ρ(r, t)v), (6)
∂ S(r, t)
∂t
= L = 1
2
(
dr
dt
)2
+ 1
2
(
1− 2M
r
)(
l2
r2
+ κ
)
− h¯
2
2m
∇2R(r,t)
R(r,t)
. (7)
Here the probability density is ρ(r, t) = R(r, t)2 where R(r, t) is
the probability amplitude, called R-amplitude, and v is the particle
velocity.
Eqs. (6), (7), along with the deﬁnition v = ∇S(r, t)/m com-
pletely determine the dynamics in the Schwarzschild spacetime
while incorporating the quantum effects. The various physical
quantities such as particle velocity, the probability amplitude, and
the behavior of quantum potential near Schwarzschild black hole
can be determined with appropriate boundary and initial condi-
tions. Since the background spacetime is stationary we focus on
time independent integration of theses equation. Using the iden-
tities (∇ · A)r = 1r2 ∂(r
2 A)
∂r and (∇2φ)r = 1r2 ∂∂r (r2 ∂φ∂r ) we obtain the
following system of equations in spherical polar coordinates
R2
dv
dr
+ 2
r
dv
dr
+ 2R dR
dr
= 0, (8)
d2R
dr2
= R
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1+ 1
r2
)(
1− 2M
r
)
− Rv2 − 2
r
dR
dr
(9)
where R(r) = √ρ(r) corresponds to the probability amplitude, and
all the physical parameters except the black hole mass are unity.
The system forms a highly nonlinear set of equations. We numeri-
cally integrate Eqs. (8) and (9) as a system of simultaneous differ-
ential equations. Figs. 1–3 exhibit plots for velocity, R-amplitude,
and amplitude variation using the fourth order Runge–Kutta nu-
merical scheme.
We discuss the effects of Schwarzschild black hole on quan-
tum dynamics for black holes with radii 0.2, 2, and 4 solar massFig. 2. Velocity, R-amplitude, and the variation in R-amplitude for a black hole of
solar mass 2 in gravitational units, with v(rs) = 1, R(rs) = 1, dR/dr|r=rs = 1.
Fig. 3. Plots for velocity, R-amplitude, and the variation in R-amplitude for a black
hole of solar mass 4 in gravitational units, with v(rs) = 1, R(rs) = 1, dR/dr|r=rs = 1.
(in gravitational units). In all three cases the velocity and proba-
bility R-amplitude show an oscillatory trend with respect to the
distance r. In terms of the quantum hydrodynamical (QHD) inter-
pretation, rise in R-amplitude implies an increase in the density of
quantum trajectories in the region. The oscillatory behavior in the
probability amplitude thus corresponds to typical quantum inter-
ference effects with increasing and decreasing density of quantum
trajectories. Correspondingly the space around the black hole pos-
sesses regions where probability of ﬁnding the particle is relatively
higher (trapping regions) whereas in others it is lower. Notice
that regions with large R-amplitude become smaller close to the
Schwarzschild black hole, especially for more massive black holes.
Another feature noticeable in each case is the reverse behavior
of the particle speed. In each case particle velocity attains local
minima inside the trapping regions. The particle in-fall here cor-
responds to a spiral like situation where the particle continuously
fall from one orbit to another towards the Schwarzschild singular-
ity. During this the probability for stable motion decreases (since
trapping regions become ever smaller), whereas the particle looses
speed hence kinetic energy. The energy loss is maximum within a
trapping region where particle transverses a larger radial distance.
Thus in extremely energetic processes around a Schwarzschild
black hole typical quantum interference effects are exhibited by
B.M. Mirza / Physics Letters B 688 (2010) 281–283 283massive particles during accretion [12]. These are associated with
the formation of trapping regions around the black hole where
particle energy emission is maximum. Observationally, such inter-
ference fringes should form close to a massive black hole where
particle processes involve high energies and where the effects
of Schwarzschild singularity are particularly enhanced. Here as
the particle falls through one trapping region to another it gives
off energy. In this process the radiation emission must oscil-
late between local maxima and minima. With an aggregate of
particles accreting into the black hole such a behavior is ex-
pected to occur, and may perhaps be observed in the form of
frequency and amplitude modulation of X-rays detected from mas-
sive accreting black hole candidates, such as CygnusX-1 (mass
≈ 6M), A0620-00 (mass ≈ 16M) and other compact X-ray
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